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Power Oscillation Damping Using FACTS Devices:
Modal Controllability, Observability in Local Signals,

and Location of Transfer Function Zeros
U. P. Mhaskar and A. M. Kulkarni

Abstract—Modal controllability, observability, and transfer
function zeros play an important role in the selection of candidate
locations and feedback signals for flexible ac transmission systems
(FACTS)-based power swing damping controllers. This paper in-
vestigates location of zeros of the transfer function corresponding
to FACTS devices and certain local feedback signals. Signals
synthesized from locally measured signals are derived that can
give good pole-zero separation. It is also shown that relative modal
controllability of FACTS controllers at various locations can be
directly inferred from relative modal observability in certain
signals at those locations. These signals are identified for various
FACTS devices. Case studies using detailed model are used to
validate the results.

Index Terms—Flexible ac transmission systems (FACTS), power
system control, power system dynamic stability.

I. INTRODUCTION

THE PROBLEM of low-frequency power swings is a matter
of concern for power engineers. The traditional solution to

this problem is the use of power system stabilizers (PSSs). The
advent of high-power electronic equipment to improve utiliza-
tion of transmission capacity, as envisaged in the concept of flex-
ible ac transmission systems (FACTS) controllers, provides a
system planner with additional leverage to improve the stability
of a system. FACTS do not indicate a particular controller but
a host of controllers that the system planner can choose based
on both technical considerations and a cost benefit analysis.
FACTS controllers like static var compensator (SVC), static
synchronous compensator (STATCOM), thyristor controlled se-
ries compensator (TCSC), static synchronous series compen-
sator (SSSC), and unified power flow controller (UPFC) can
provide variable shunt and/or series compensation [1].

A FACTS device should have an adequate margin of variable
compensation for effective damping of power swings. There-
fore, while planning for FACTS controllers, an important con-
sideration is the “damping effect per MVAR” [2] or the “con-
trol cost.” A damping controller may be an auxiliary controller
that is present in addition to another controller (like a voltage
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regulator in a STATCOM or SVC). Some FACTS installations
have also been conceived primarily for power swing damping
improvement [3]. In such cases, the damping controller function
utilizes the whole control range (including transient over-rating
capability, if available).

A higher controllability of a critical mode results in a smaller
variable compensation requirement for a given modal damping
performance. Controllability is dependent on the location and
nature of the FACTS device under consideration.

There exists some flexibility in the choice of a feedback signal
in a damping controller. While a locally available signal or a
signal synthesized from local measurements is preferable, the
use of remote or “global” signals is technologically feasible [4],
[5]. Observability of a critical mode in a signal is an impor-
tant consideration in the choice of a feedback signal. However,
choice of a “good” signal requires examination of several as-
pects, including the effect on modes other than the swing mode
of interest.

A residue is a measure dependent on both modal observ-
ability in the feedback signal and modal controllability (it is a
normalized product of modal observability and controllability).
A higher magnitude of residue implies a higher sensitivity of
the corresponding eigenvalue to controller gain. While residues
indicate the movement of eigenvalues for small gain, the large
gain behavior is determined by the transfer function zeros. It
is important to have good separation between critical poles and
zeros in order to obtain adequate eigenvalue movement with in-
creasing gain. Good separation can be achieved by appropriate
choice of feedback signals or by retuning existing controllers in
the system [6].

Given the flexibility in choice of a feedback signal, it may not
be appropriate to choose effective locations based on modal ob-
servability in a predecided feedback signal or residue of the cor-
responding transfer function. On the other hand, modal control-
lability is a good indicator for choosing effective locations, since
it gives an idea of the leverage of a FACTS controller on a mode
[7] and has a bearing on the equipment size. However, modal ob-
servability has been implicitly used in the previous literature to
screen candidate locations. Locations at which large swings in
current and voltage are observable are considered to be the “nat-
ural” candidates for series and shunt controllers, respectively.
Tie-lines in which interarea mode power swings are large are
considered to be good locations for placing series FACTS de-
vices (for damping an interarea mode). Similarly, the largest
amplitude points of the mode shape of the bus voltages are con-
sidered to be good candidate buses for shunt reactive FACTS

0885-8950/$20.00 © 2005 IEEE



286 IEEE TRANSACTIONS ON POWER SYSTEMS, VOL. 21, NO. 1, FEBRUARY 2006

devices [8]. Motivated by these issues, we investigate the fol-
lowing in this paper:

1) Location of zeros of transfer function corresponding to
FACTS devices and local signals:

It is shown using classical model that zeros and poles
are interleaved if local signals like voltage magnitude (for
a STATCOM damping controller) and current magnitude
(for SSSC) are used. Interestingly, the pole-zero inter-
leaving property has been recognized in several other
analogous physical systems [9]. Suitable zero placement
can be obtained by modifying local signals. The required
modifications are suggested by the analysis carried out in
the paper.

2) Duality between the controllability of swing mode(s) by
using shunt/series FACTS devices at various locations and
the observability of the swing mode(s) in certain signals
like voltage/current at those locations:

It has been shown by Samuelsson [10] that such a
duality exists for shunt real power modulation and bus
frequency. This paper generalizes this result to a wider
set of FACTS devices and signals. For example, it is
proved using classical model that relative modal con-
trollability corresponding to the control inputs (e.g.,
shunt reactive current for STATCOMs, series reactive
voltage for SSSCs), can be inferred from relative modal
observability corresponding to the measured signals (bus
voltage magnitude at STATCOM locations, line current
magnitude at SSSC locations).

The result pertaining to zero locations is demonstrated using
SSSC for simplified and detailed models. With detailed models,
it is also seen that the duality result is a good approximation for
series reactive and shunt real power modulating FACTS devices,
although it is not valid for shunt reactive power and series real
power devices.

A. List of Main Symbols

Generator rotor angle.
Generator rotor speed.
Machine base speed.
Bus voltage phase angle.
Line current phase angle.
Line current magnitude.
Shunt injected reactive current (positive when
capacitive).
Bus voltage magnitude.
Series injected reactive voltage (voltage in quadra-
ture with current: positive when inductive).
Shunt injected real power.
Series injected real power.
Shunt injected reactive power.
Series injected reactive power.
Series connected reactance.
Shunt connected susceptance.
Generator inertia constant.
The subscript “ ” denotes equilibrium value.
The prefix denotes small deviation from
equilibrium.
Bold characters denote vectors.

II. LINEARIZED ANALYSIS OF A POWER SYSTEM

The electromechanical modes in a system are highlighted by
considering the classical model of generators. In addition, the
following assumptions simplify the analysis.

1) The losses in the transmission lines are neglected.
2) Load active power is constant, and reactive power is of

constant susceptance type.
3) Generators are represented by classical model. Prime

mover input is held constant.
4) FACTS devices can implement a control order for

changing real or reactive power injection in a very short
time as compared to the period associated with power
swings. Therefore, the “plant dynamics” associated with
FACTS devices is neglected.

The linearized swing equations along with the real and reactive
power balance equations for all nodes and for the branches in
which series compensation is present can be formulated as fol-
lows (see the Appendix):

(1)

where the structure of is as follows:

(2)

and is a diagonal matrix with th diagonal element equal to
.

The following relationship holds true for the submatrices of
(see the Appendix):

(3)

The controllable inputs are

while the observable quantities are

Therefore, (1) can be written in state–space form as follows:

(4)

(5)
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where

(6)

(7)

(8)

(9)

(10)

A. Eigen-Analysis

The right and left eigenvectors of , corresponding to an
eigenvalue , are defined as follows:

(11)

(12)

From the above equations, we obtain

(13)

(14)

Therefore

(15)

The matrix is symmetric since is
symmetric. Therefore, its eigenvalues are real. Moreover,
for feasible operating points, is posi-
tive semidefinite. Therefore, since is an eigenvalue of

, it follows that .
Due to symmetry of we can also see that

(16)

Therefore, we can choose

(17)

from which we obtain the following relationship between the
left and right eigenvectors:

(18)

where is a scalar constant that can be chosen arbitrarily.

B. Transfer Function Zeros

Let us investigate the location of transfer function zeros when
the following input–output pair is chosen:

(19)

(20)

For simplicity, is chosen as a row vector with a single nonzero
entry whose value is 1. An example of an input–output pair is

and , where denotes the bus number.
For a control law : , the resulting state equation be-

comes

(21)

(22)

Therefore

(23)

Thus, we have

(24)

where

(25)

If we let tend to , we will obtain

(26)

Note that due to (4), (8), and (9)

(27)

By writing and , we can write

(28)

If eigenvalues of are and
the eigenvalues of are ,
then [11]

1) if

2) if

Since is obtained by allowing to tend to infinity, the
eigenvalues of are related to the zeros ( )
of the transfer function between and by the relationship

. Thus, one sees that poles and zeros are interleaved. If
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, then all the zeros are finite. The bound on the value
of or is dependent on the magnitude of .

If instead of using , we use as
the feedback signal, then it is clear that ,
which equals when . This results in a pair of zeros
with magnitude equal to . This is desirable from the point
of view of having a good pole zero separation. By making the
modification, we neutralize the effect of .

Thus, it is desirable to use the signals that are of the form
, , and in conjunction

with the inputs , , , and , respectively, where is
appropriately chosen.

C. Modal Controllability and Observability

The modal controllability vector is defined as

(29)

The modal observability vector is defined as

(30)

From (18) and (27), we obtain

(31)

Thus, the modal controllability and observability vectors are
parallel. The result of (31) shows that the relative modal control-
lability using various inputs defined by can be inferred from
the relative modal observability in the signals of . For example,
if the relative modal controllability using series reactive voltage
control (by SSSCs) at two different locations is desired, it can be
obtained directly from the relative observability of the mode in
the current magnitude deviations at those locations. The result
also shows that different devices like STATCOM and SSSC can
also be compared by the observability of the mode in the appro-
priate local signals. The structure and symmetry of the subma-
trices are unchanged if the inputs and outputs are as follows:

or

Consequently, the same result can be derived for these set of
inputs and outputs. The modal controllability for the set of in-
puts corresponding to reactive powers is pertinent if the relative
control cost is to be estimated in terms of “damping per MVAr.”
The controllable inputs, the corresponding dual signals, and the
relevant FACTS devices are summarized in Table I.

Since the relative modal observability in bus frequency
( ) at various locations is the same as that in phase angle
( ), it follows that and bus frequency are also a dual
pair—this was first recognized by Samuelsson in [10].

TABLE I
DUAL INPUTS AND SIGNALS

Fig. 1. Single machine infinite bus system.

D. Residue Angle

The residue corresponding to the th eigenvalue of the transfer
function corresponding to and of (20) is given by

(32)

(33)

(34)

, and consequently , can be be chosen to be real since the
matrix is symmetric. Moreover, since is
imaginary, it follows that for the eigenvalues on
the positive imaginary axis. This implies that in order to obtain
initial movement of eigenvalues toward the negative real direc-
tion, a damping controller will have to provide a lead of 90
between and ( ) at swing mode frequencies.

E. Illustrative Example

Consider a single machine connected to an infinite bus by a
network of three branches.

There is only one undamped swing mode in this system since
classical model of a machine is used. The system along with
the relative magnitudes of the reactance of branches is shown in
Fig. 1.

The zero locations for SSSC in the three branches (considered
one at a time), with and , to 3, are shown
in Fig. 2. Note that in this case, . For SSSC in branch
3, the zero is relatively close to the pole. We can shift this zero
location to a more appropriate value by choosing the output to
be (see Fig. 3).

A damping controller using a control law
is unable to achieve much damping

because of the zero near the pole that causes it to “turn back”
(see Fig. 4). However, an improved damping performance with
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Fig. 2. Pole–zero locations for SSSC in various branches.

Fig. 3. Zero locations for various values of 
 : SSSC in branch 3.

Fig. 4. Root loci with increasing gain : Various values of 
 : SSSC in branch 3.

Fig. 5. Damping controller structure.

increasing gain can be achieved by using the modified feedback
signal with an appropriate value of .

Suppose we wish to compare the relative modal controlla-
bility of the swing mode using series reactive voltage control
(SSSC). It is obvious that the modal observability of the swing
in the dual signal (current magnitude in the three branches) is in
the ratio 1 : 2/3 : 1/3—due to relative magnitudes of reactances.

As per the duality result, modal controllability using reactive
voltage control is also in the same ratio.

Since modal controllability is intimately related to the con-
trol effort, we expect that the range of vernier control of a SSSC
required will be in the inverse ratio, i.e., 1 : 3/2 : 3 for the same
damping performance. To show this, consider (one at a time) re-
active voltage-based damping controllers on the three branches.
For simplicity, the damping controller structure is chosen to be
common, with the machine slip as the input (see Fig. 5). The
gains are chosen such that damping ratio achieved for the swing
mode is the same for all cases.

The response for a pulse disturbance of in the infinite
bus voltage is shown in Fig. 6. Note that the damping ratio for
all three cases is the same. The maximum range (deviation) of
reactive voltage compensation required for the same damping
ratio is in the inverse ratio of the modal observability of current
at those locations, as expected.

III. CASE STUDIES USING DETAILED MODELS

The results presented in the previous section are true only
for classical model. Unfortunately, the precise relationship be-
tween the eigenvectors [see (18)] cannot be obtained when de-
tailed models and AVR are considered. Thus, we have to rely on
numerical tests to check the approximate validity for detailed
models. This study is carried out in this section.

It should be noted there is no unique choice of and (an
eigenvector multiplied by a scalar value is also an eigenvector).
Therefore, the vectors and are not unique, and only relative
component values of these vectors are of importance. However,
in the results presented in this section, is chosen such that

(35)

Note that with this choice of , the product of the modal
controllability for an input and the modal observability for the
output also equals the residue of the corresponding transfer
function.

We consider a three-machine system (data adapted from [12])
as shown in Fig. 7. FACTS devices are considered at each branch
and node of the network. The case studies are carried out using
a detailed generator model (field and damper winding mod-
eled) [13], static exciter with AVR, lossy lines, and constant
impedance loads. There are two swing modes in this system.
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Fig. 6. Reactive voltage modulation for obtaining same damping performance.

Fig. 7. Three-machine system.

We first validate the results relating to zero locations by con-
sidering the pole–zero locations near the swing frequencies, for
the dual input-output pairs corresponding to various devices.
The interleaving of the imaginary part of poles corresponding
to swing modes, and zeros is clearly seen in all cases (see
Fig. 8).

Now consider a SSSC connected in branch 5-4. The pole zero
locations with and are shown in Fig. 9. We
also consider a modified signal with . The value
of is tuned so as to obtain good pole-zero separation. The
better eigenvalue movement with a damping controller using
the control law , using a well
tuned value of , is clearly seen in Fig. 10.

This is verified for a simulation of the system for a self-
clearing fault at bus 5, with clearing time of 0.15 s. The range
of the injected voltage by the SSSC is assumed to be p.u.
The better performance for the same controller gain, with an ap-
propriate value of , is clearly seen in Fig. 11.

We now turn our attention to the duality result. For series re-
active voltage and shunt real power devices, the modal control-
lability and observability magnitudes and their ratio are shown

Fig. 8. Pole–zero locations : Three-machine system.

Fig. 9. Zero locations : SSSC in line 5-4.

Fig. 10. Root loci with different � : SSSC in line 5-4.
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Fig. 11. Response of generator angles for fault: SSSC in line 5-4.

in Tables II and III. The critical nodes/lines selected based
on modal observability and controllability are identical and are
shown in bold. Therefore, the use of modal observability in
and to screen candidate locations for shunt real power and
series reactive power devices is justified. It is also observed

TABLE II
MODAL CONTROLLABILITY, OBSERVABILITY, AND RESIDUE ANGLE-DETAILED

MODEL INPUT : P , OUTPUT : �

TABLE III
MODAL CONTROLLABILITY, OBSERVABILITY, AND RESIDUE ANGLE-DETAILED

MODEL INPUT : V , OUTPUT : I

TABLE IV
MODAL CONTROLLABILITY, OBSERVABILITY, AND RESIDUE ANGLE-DETAILED

MODEL INPUT : I , OUTPUT : V

TABLE V
MODAL CONTROLLABILITY, OBSERVABILITY, AND RESIDUE ANGLE-DETAILED

MODEL INPUT : P , OUTPUT : �

that for these devices, residue angles lie near for loca-
tions with high modal controllability. Moreover, for locations at
which both modes have good relative controllability, e.g., nodes
3 and 9 or branches 7-2 and 4-6, the residue angles for both
modes are about 10 to 20 apart from , the value predicted
by simplified analysis.

The modal observability in and is not suitable for se-
lecting locations for shunt reactive current and series real power
devices (see Tables IV and V). For the higher frequency mode,
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although the ratio varies significantly with location, the
location with largest and largest coincide. However, this
is not true for the interarea mode. This implies that the observ-
ability vector alone cannot be used to rank the candidate loca-
tions for these devices. Moreover, residue angles for these de-
vices are not in a small range around .

IV. DISCUSSION

A. Zero Locations

Use of signals like local current magnitude in a branch
(SSSC) or voltage magnitude at a bus (STATCOM) often
results in poles and zeros being close together, even if modal
controllability and observability is assured. This results in
migration of these poles to the nearby zeros when damping
controllers are used with these signals. At least one pair of zeros
can be moved away significantly from the poles corresponding
to swing modes, by appropriate modification of these local
feedback signals. This results in better eigenvalue movement
for at least one swing mode when a damping controller is used.
Obviously, modes that are not controllable at that location or
observable in the local feedback signal will not be affected by
the modification. Also, eigenvalue sensitivity at zero gain—the
residue—is not affected by the modification in feedback signal.
Thus, the modification of local feedback signals is useful to
obtain good movement for larger gains.

The need for similar feedback signals has been intuitively
recognized in the past literature, viz., thevenin voltage signal in
[3], voltage across a transmission path in [14], and synthesized
angular difference signal in [7].

To show the similarity, consider the modified signal
to be used with a SSSC

(36)

This means that , where . Since
is usually negative, can be interpreted as voltage

across the transmission path in which the SSSC is present. This
is similar to the signal in [14]. The synthesized angular differ-
ence signal across the transmission path [7] also roughly varies
in the same way as the voltage across the path for small values
of the angular difference. Thus, the analytical result in this paper
provides a theoretical justification for use of the synthesized sig-
nals proposed in the literature.

Since the linearized matrices are a function of an operating
point, will vary depending on the operating point. Conse-
quently, there is a need to “tune” the value of that is suitable
for a wide range of operating conditions.

B. Observability-Based Ranking

The analysis and study of detailed model suggests that modal
observability vectors corresponding to , , are good
measures for ranking/screening of shunt real and series reac-
tive FACTS devices since they correspond quite well with modal
controllability-based ranking. While this provides a justification
for use of observability-based ranking for certain devices and
signals, a natural question which arises is: Is this result of prac-
tical use?

Modal observability-based ranking of candidate locations
for damping power swings can be more convenient for a large
system than modal controllability or residue based ranking,
as it can be done on a system without explicitly representing
the FACTS damping controller at each candidate location in
a computer program. This is not a major issue any longer,
given the vast computing power available today. It is, however,
conceivable to utilize actual field measurements of disturbances
to extract the relative modal observability at various locations
and select locations based on these measurements.

C. Choice of Feedback Signals

The main results presented in this paper are specific to the
dual input–feedback signal pairs. Therefore, a question comes
to mind: How important is this result if it applies only to spe-
cific signals? Clearly, a wider choice of feedback signals does
exist. However, voltage and current measurements are routinely
available and do deserve specific attention. For the dual signals
corresponding to shunt real power and series reactive power de-
vices, residue angles lie in a fairly small range near for dif-
ferent swing modes. Therefore, design of a phase compensator
for these damping controllers is somewhat simpler, since sub-
stantially different phase shifts for each mode are not required.

An interesting corollary of the duality result is that if a mode
is poorly observable in and at a location, then it is poorly
controllable by FACTS devices that modulate and , re-
spectively, at that location. This implies that “global signals”
are of little use for these FACTS devices if modal observability
in the dual local signals is poor.

V. CONCLUSION

In this paper, we have investigated the properties of zero loca-
tions and duality between modal controllability and modal ob-
servability when certain local signals are used for FACTS-based
damping controllers. It is shown that for certain local signals,
zeros are interleaved with open loop poles. Modifications are
suggested in the local feedback signals to obtain good pole–zero
separation and better eigenvalue movement for damping con-
trollers. The result is demonstrated using SSSC-based damping
controllers.

For simple models, there is a duality between modal ob-
servability in certain local signals and modal controllability
using corresponding FACTS devices. Also, residue angles are
the same for different swing modes and locations when dual
signals are used for feedback.

Case studies to verify these results using detailed models re-
veal the following.

1) Relative modal controllability using series reactive and
shunt real power modulation-based FACTS devices at var-
ious locations can be approximately inferred from the rel-
ative modal observability in line current magnitude and
bus voltage phase angle at those locations, respectively.
Thus, the candidate locations for these devices can be se-
lected based on the relative modal observability of local
signals. Use of these feedback signals results in residue
angles that are fairly close to each other for different swing
modes.
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2) For shunt reactive and series real power modulation,
modal controllability cannot be inferred from modal ob-
servability in bus voltage magnitude or line current phase
angle, respectively. A bus with largest modal voltage
oscillations is not necessarily the location with the largest
controllability using shunt reactive power devices. Thus,
the observability vector cannot be used to reliably rank
the candidate locations for these devices.

If modal controllability at a particular location is smaller, a
larger controllable range (equivalently a larger equipment size
and cost) is required to obtain a specified damping performance
for a given disturbance. Further work is required to obtain a
more precise and quantitative relationship between disturbance
magnitude, damping performance, and the required controllable
range. This will help a system planner to assess the cost and
utility of FACTS options for damping power swings.

APPENDIX

FORMATION OF THE STATE EQUATION

The electromechanical modes in a system are highlighted by
considering the classical model of generators. The assumptions
given in Section II are applicable here.

At any bus (not the generator internal bus), the injected
power by a FACTS controller is given by

(37)

where is set of buses connected to bus by a transmission line,
is the set of generator (internal) buses connected to bus , and
is the set of branches where series FACTS controllers are

connected. is the power consumed by the load connected
at bus . is the reactance of the transmission line connecting
bus and . is the transient reactance of generator .

if the reference direction of current in the th branch
is outward from the th node; otherwise.

At the th generator internal bus, injected power is given by

(38)

The reactive current balance equation at the th node can be
written as follows:

(39)

where is the fixed shunt susceptance at the th bus. For the
th branch (connected between nodes and ), where a series

FACTS controller is present (see Fig. 12), the real power and
reactive voltage balance equations are given by

(40)

(41)

Fig. 12. Branch with reactive voltage compensation.

The linearized real power and reactive power balance equations
can be written as

(42)

Note that , since constant power loads are considered.
The elements of the various submatrices are defined as

From (37)–(41), it is evident that the matrix in (42) is symmetric.
The swing equations for generator can be expressed as

(43)

On linearizing the swing equations, we obtain

(44)

Note that , , and is the number of
generators.

Thus, from (42) and (44), we obtain (1).
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